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Abstract— This study investigates the angular distribution of the degree of polarization of
diffusely reflected and transmitted natural solar radiation in atmospheric layers subjected
to multiple Rayleigh scattering. The analysis employs the Chandrasekhar's S,T- matrix
theory and the factorization method. Specific characteristics related to the numerical
computation of X'and Y functions using the successive approximations method are detailed.
The results reveal that when the observation angle equals the illumination angle (4 = pg),
a notable feature emerges in the angular distribution of the degree of polarization of
diffusely transmitted light. At this juncture, a sharp change in the degree of polarization is
observed. Additionally, the study examines the dependence of the angular width of this
discontinuity on the illumination angle and optical thickness.
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1. Introduction

Chandrasekhar's theory of X (i), Y (i) functions (Chandrasekhar, 1960) is widely
recognized as a key approach to investigate the transmission of polarized radiation
in turbid, light-scattering media with limited optical thicknesses. It is extensively
utilized in addressing diverse practical issues in the field of atmospheric physics.
Extensive research has been conducted on the analytical properties of the X (u)
and Y () functions, as well as on the numerical methods used to solve them.
Nevertheless, the subject of X(u), Y (1) functions remains pertinent and continues
to captivate the interest of experts. The research of Natraj et al. (2009) and Natraj
and Hovenier (2012) have demonstrated that the often utilized tables by
Chandrasekhar and Coulson (Chandrasekhar and Elbert, 1954; Coulson, 1988;
Coulson et al., 1960), which are applied for solving practical problems in
atmospheric physics, exhibit low accuracy and do not sufficiently characterize
polarization phenomena. The authors performed novel numerical computations
with enhanced precision. However, research focused on the examination of
polarization phenomena in atmospheric layers and the use of polarization methods
for remote sensing of the Earth's surface still relies on the works of Chandrasekhar
and Coulson. These works serve as reference points for evaluating the outcomes
of both theoretical and practical investigations (Yan et. al., 2019; Yan et. al., 2020;
Mishchenko, 1987; Mishchenko et. al., 2006).

A technique for solving the radiative transfer equation for polarized light in
media with limited optical thickness using the factorization method was proposed
in Sobirov and Rozikov (2020). This method aims to refine the theoretical
framework and improve the precision of numerical calculations. The findings
demonstrate that the factorization method significantly simplifies both the
analytical and numerical computations involved in solving the radiative transfer
equation for polarized radiation. Initially developed by Lenoble (1970), this
approach was further elaborated upon in Ivchenko et. al. (1980), Ivchenko et. al.
(1981), Sobirov and Yuldashev (1984), and Pikus et. al. (1985), and it was
effectively applied to axisymmetric problems in crystals, particularly within the
semi-infinite medium model. The present study investigates the angular
distribution of the degree of polarization of diffusely reflected and transmitted
natural solar radiation through atmospheric layers, considering multiple Rayleigh
scattering. The analysis is grounded in the theoretical framework outlined in
Sobirov and Rozikov (2020).

2. Equation for the reflection and transmission matrix

The radiative transfer equation (Chandrasekhar, 1960) describes the radiation
field in a plane-parallel medium that scatters and absorbs light, without any
internal sources, when it is lit by plane, monochromatic polarized radiation. The
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equation can be written as follows:

di(Q) _@o (1, 2, , N
— =1, Q) - Jy du' [, do' P(Q,Q)1(z, Q")
(AN)O T

—Zexp (— ) P(Q, Q0)F, (1)

where t represents the optical thickness of the medium, @, is the single scattering
SC

a is the

albedo (quantum yield of single scattering) calculated as

aextygsc?
attenuation coefficient (per unit volume) given by a = a2 + a%¢, a®S denotes
the true absorption coefficient, a®¢ represents the scattering coefficient, z is the
axis directed normally from the surface of the medium, F is the total flux of the
incident parallel radiation per unit area (at the boundary T = 0), and P(€, Q) is
the Rayleigh phase matrix.

The intensity of radiation propagating in a medium, in the direction (2 =
2(0, ) (where 8 is the polar angle determined by the direction of the vectors n°
and 2, n® is the normal to the surface of the medium, and ¢ is the azimuthal
angle), is described by the Stokes matrix (in the Chandrasekhar basis
(Chandrasekhar, 1960)):

I
I= I(; Iy =dy, I, = dy, U = 2Redy,, V = 2Imd,,, (2)

|4

where I; and I, are the intensities in the [ and r polarizations, the unit orthogonal
vector 1 lies in the plane of the vectors n® and £, and r is perpendicular to it,
d; i = (Ei,Ej*). Here, i,j = [, 7, E;, and E, are the corresponding components of
the electric field of the light wave.

When the atmosphere is illuminated by natural, unpolarized solar radiation
with a broad spectrum in the optical range, the optical thickness of the atmosphere
varies depending on the wavelength of the light. In the radiative transfer equation
(Eq.(1)), the optical thickness of the atmosphere t is determined by the integral:

T(42) = [, a(d,z)dz, (3)

where the integration is performed from sea level (z = 0) to the upper layers of
the atmosphere, taking into account the change in air concentration with height.
In the calculations presented below, the values of the optical thickness of the
atmosphere are taken from Coulson (1988) according to the tables of Elterman
(Elterman, 1968, Pikus et. al., 1985). We present the values of optical thickness
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for several wavelengths: 7=0.01 (A =0.920 um), 7=0.1 (A =0.546 um), t=0.15
A=0.495 um), 7=0.5(A=0.371 um),and t=1 (A =0.312 um) at @, =1.

In the theory of S,T-matrices, the relationship between the intensities of
diffusely reflected and transmitted radiation with the incident radiation is
determined by the reflection and scattering matrices:

lre (7 = 0,0) = (52) S(1, 9, Q)F (7 = 0,0). 4)

lirans(T = 71, 8) = (52) T, 0, Q0)F (x = 0,). (5)

Using the principle of Ambartsumian's invariance and taking into account the
boundary conditions from the radiative transfer equation (Eq.(1)), the general
integral equations for the § and 7 matrices can be derived (Chandrasekhar, 1960):

S(Tli 'Q" 'Q'O) = Q {(2) S(O) (T1; ,Ll, .uO) +
+\/(1 - 'uZ)(l - HS)S(D (Tll .Q,, QO)P(l) (,u, (p! —Ho, ¢0) +
5(2) (Tlf w, #O)P(Z) (‘Ll, d)i —Ho, ¢0)} (6)

T(TlJ .Q, ‘QO) = Q {(z) T(O) (Tlx W, MO) +
+ (A= p) (A = u)HTD (71, Q, Q)PP (1, b, —pho, o) +
+T(2) (Tl! ‘Ll, MO)P(Z) ([.l, (p! _.MO! ¢0)} (7)

In Eqgs.(1)—(7), the problem is presented in general form. In Eq.(1), all four
components of the Stokes matrix are simultaneously determined, taking into
account both linearly polarized and circularly polarized radiation. For brevity, we
will discuss the solution of the problem concerning only the I; and I,, components
of the Stokes matrix, as we are considering the case where the medium is
illuminated by unpolarized radiation.

To solve this problem, it is sufficient to consider the 2x2 block matrices in
the § and T matrices in Egs. (6) and (7). For brevity, we will not go into detail
describing each term in Eqgs. (6) and (7) (see Sobirov and Rozikov, 2020).

In the factorization method, the values of the $(% and T(®) matrices in Egs.
(6) and (7) are determined by solving the system of equations for the X(®) and
Y(®) matrices, which are 2x2 matrices with eight components:

154



~ 1 du"wu") +, ., +, .,
XO@) =1+ pa, | %[X(O)(M)X“’) W) = YOEY® @)l ()

~ lap'w' +, .,
YO W = 1exp (- 2) +ua, f; L2 YO x©" (W) -

- X0 ()] ©)

Here, the identity matrix has a dimension of 2x2. The S, T §2) and T?
matrices are determined through scalar functions S, T, §@2 and T3, which,
in turn, are determined by scalar integral equations for the X(u) and Y (u)
functions, similarly to Egs. (8) and (9), but using different characteristic functions.

According to Chandrasekhar's calculation method, the values of the §(® and
T(®) matrices are determined using four X(u) and Y (1) functions. However, this
requires additional and complex calculations.

2.1. lterative convergence of X and Y functions in a conservative medium when

(,()0: 1
Below are the results of numerical calculations of the X (u) and Y (u) functions
obtained using the method of successive approximations or iterations. In the

iteration method for solving Eqgs. (3) and (4), the solution can be represented as a
series in powers of @, (Lenoble, 1970 and Pikus et. al., 1985):

Irer(Ty = 0,0) = 3 (25®(1,,0,00)F), (10)
Tirans (11, 9) = % (52 T™ (11,2, 00)F), (11)

where n is the order or multiplicity of scattering (Mishchenko et.al., 2006;
Sobirov and Rozikov, 2020; Lenoble, 1970; Ivchenko et.al.,, 1980, 1981). The
SM(1,,0,9) and T™(14,9,Q,) are determined by solving the S and T
matrices, expressed through integral equations for the X (u) and Y (u) functions
using the method of successive approximations. If trial functions such as X(u) =
1 and Y(u) = 1lexp(—14,/p) are used, then after the first iteration, the intensity
and polarization of singly scattered radiation are determined. After the first
iteration, the scattering order does not correspond to the number of iterations. In
the second approximation, the values of X(u) and Y (u) include contributions
from singly, doubly, and partially triply scattered radiation, and so on.
Analytically, in Eq.(10), components up to the fourth order of scattering can
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be distinguished, after which it becomes more complex. However, this is
sufficient for the initial analysis of the physical picture of the formation of the
intensity and polarization of secondary radiation. It is possible to establish a
relationship between the number of iterations and the maximum order of
scattering corresponding to this number of iterations. If 7 is the number of
iterations and n is the maximum order of scattering, then 1 = 1,n = 1;7 =
2n=3;1n=3,n=7;1n=4n=15n=5n=31;1 = 6,n = 63, etc.

The solutions to the system of nonlinear integral equations for the X (u) and
Y (1) functions were conducted at 201 points of u values in the interval [0,1]
through numerical calculations. Additionally, to compare our results with
Chandrasekhar's tables, calculations were performed at fifty-one points.

To ensure the correctness of the numerical calculations, two conditions must

be met (Chandrasekhar, 1960):

X(w) - H(w),Y(u) > 0ast - . (12)

X(W) > L,Y(n) > lexp(—14 /1) as T = 0. (13)

Indeterminacies of the type 0/0 arising in Eq.(9) when u — u’ = 0 are eliminated
using Lopital's rule.

Numerical calculations showed that in the region @, < 0.7, after a certain
number of iterations, the values of all X and Y functions reach saturation and have
good convergence at T; < 1 (Sobirov et al., 2021; Sobirov et al., 2023; Sobirov et
al., 2024). In the region 0.7 < @, < 1, convergence slows down, but depending
on the optical thickness, the values of the X and Y functions approach the tabulated
values of Chandrasekhar in Chandrasekhar and Elbert (1954). For example, at
7, = 0.15 after the fifth iteration, and at 7; = 1, after the fourth iteration. At small
values of optical thickness, when 7; < 0.5, the difference in some points is a
maximum of 1%, and at 7; = 1, it points up to 4%.

If in the case of 7; = 1 the number of iterations is increased to 71 = 5, then
near the point 4 = 1, in a narrow region Au, the component Y5, () takes negative
values, which contradicts the conditions specified in Eq.(13). This means that at
values of y within Ay, the component Y, (1) has no solution. Considering that all
X11, X412, X521, X252, Y11, Y12, Y1, Yo, functions form a single system of equations, all
members of this system within Ay also have no solution. It can be said that with
the number of iterations A =4 the values of all
X11, X412, X251, X252, Y11, Y12, Yo1, Yo, functions within Au reach saturation. In the
subsequent iteration step (at 7 =5), the values of these functions remain
unchanged. However, in the region 1—Au , the values of the
X11, X412, X521, X252, Y11, Y12, Yo1, Yo, functions increase. Increasing the number of
iterations leads to the expansion of the Au region, and after two or three more
iterations, Ay covers the entire region 0 < u < 1. The values of the X(u) and
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Y (1) functions are determined by the iteration method according to the described
scheme. A change in the sign of the Y,; (#) component to negative indicates the
achievement of the maximum number of iterations that determine the numerical
values of the X(u) and Y (u) functions. The X (1), YD (u), X@ (1), Y @ ()
functions show good convergence during iterations, regardless of the 7; value.
After a certain number of iterations, they reach saturation and with an error of up
to 1% coincide with the tabulated values in Chandrasekhar and Elbert (1954).

For comparison, Chandrasekhar's Y, ¢, x, &, 6,1n,0,8 functions were
converted into Xy, X12, X21, X292, Y11, Y12, Y21, Yo, functions, and the following
relationships exist between them:

P—u? p-u*

X11 =X X2 = \/Ef;Xm = ﬁ(lliu)g)ixzz = 1_'[;2 . (14)
e—u’c n—uzo

Y1, = 0,1, =V20,Y,, = m:yzz TR (15)

2.2. Accuracy verification of the problem solution. Total quantum yield of
radiation

In the studies of Ivchenko et.al. (1980, 1981) and Sobirov and Yuldashev (1984),
the law of conservation of the total radiation flux, incident and diffusely reflected
from a semi-infinite medium, was used to verify the accuracy of analytical and
numerical calculations.

If a monochromatic, plane-parallel radiation flux F falls on the surface of
the medium (at the boundary T = 0), then after multiple scattering, part of the
radiation is diffusely reflected from the plane T = 0, and part of the flux diffusely
exits the medium through the plane T = 1. The total fluxes of diffusely reflected
and transmitted radiation from the medium (per unit surface area) are determined
by the formulas:

el = [ udu [;" dI™ (x = 0,1, 9),

gdtrans — fol i m f02n d(p[trans(‘[ =T, Q), (16)

where 107¢) (1t = 0,u,¢9) and IS (7 = 1,,—u, ) are the intensities of
diffusely reflected and transmitted radiation at the boundary of the medium,
determined by Eq.(10).
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Solving the radiative transfer equation (Eq.(1)) allows determining only the
diffusely scattered part of the incident flux in the medium that has undergone
single or multiple scattering. However, part of the incident flux passes through
the medium without scattering, which is not considered in Eq.(1). The unscattered
part of the primary radiation, without changing the direction of incidence, is
attenuated by exp(—1,/u)F and exits the medium (Chandrasekhar, 1960). We
define the ratios of these three fluxes to the incident flux and sum them:

ref trans
ref _ @ trans _ @ 17
n KoF (+0,10,00) 1 HoF (+0,140,900)° ( )
ntotal — nref + ntrans + exp (_ ﬂ) (18)
Ho

This formula defines the distribution of the primary flux for diffusely reflected,
diffusely transmitted, and unscattered fluxes. In analogy to @, which represents
the quantum yield from single scattering, the quantity 7,4, 1S called the total
quantum yield of radiation in (Ivchenko et.al., 1980). Below, we will adhere to
this definition for 7.

In the case of a conservative medium (@, = 1), the total flux is conserved,
so in Eq.(18) the condition 71,y = 1 must be satisfied. This condition holds
regardless of the optical thickness of the medium, the angle of incidence of the
incident flux, and serves as a criterion for assessing the accuracy of analytical and
numerical calculations. On the other hand, the relationship described in Eq.(18)
allows establishing the law of redistribution of the outgoing secondary flux from
the medium depending on the optical thickness of the medium (from the
wavelength of the incident radiation).

Table I presents the results of numerical calculation of the total quantum
yield at various values of the illumination angle of atmospheric layers with
natural, unpolarized solar radiation.

According to the data in Table I, one can assess what proportion of the
incident radiation is scattered, and what part is diffusely reflected back or passes
through the medium. For example, at normal incidence, on average about 10% of
the rays from the green part of the spectrum (7; = 0.1, A = 0.546 pm) are
scattered, and 90% pass through the medium without scattering. For violet rays
(1, =05A41=037um ), the proportion of scattered rays increases to
approximately 40%.
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Table I. Results of calculating the total quantum yield of diffusely reflected, transmitted,
and unscattered radiation at various illumination angles and optical thicknesses, @, = 1

Mo Nref Nerans Nref + Nirans exp(—71/Ho) Neotal
7, = 0.001, A =1670um
0 050295806 04913439 099430193 0 09943019
02 0.01235285 0.0132404 0.025559321 0.9950124 1.0206056
0.4 0.00622429 0.00655941 0.01281842 0.9575031 1.0103215
0.6 0.00416402 0.0043620 0.00852599 09983347 1.0068607
0.8 0.00313426 0.0032165 0.00635071 0.9987507 1.0051014
1 0.00267292 0.0019598 000463271 09990005 1.0036332
7, =0.01, A =0920 um
0 0.508344001 0.4859448 099428885 0 099428885
02 0.024403672 0.0261452 0.05054884 09512294 1.00177826
04 0.012372619 0.0131070 0.02547959 09753099 100078950
0.6 0.008294686 0.0086864 0.01698112 0.9834715 1.00045258
08 0.008250375 0.0064061 001265651 09875778 1.00023431
1 0.005342862 0.0039199 0.00926272 0.9900498 059931256
7; =01, A=0546um
0 057015844 04240466 0.9942055 0 09942050
02 0.19901661 0.2075493 0.4065658 0.6065306 1.0130965
0.4 011128502 0.1174036 0.2286986 0.7788007 1.00749%94
0.6 007712613 0.0812964 0.1584225 08464817 1.0049043
08 0.05902330 0.0620124 0.1210357 0.8824969 1.0035326
1 0.04915566 0.0376694 0.0868205 09048374 09916625
7, =05, 1=0371pum
0 0.68443190 0.2992614 0.98369334 0 0983659333
02 051703888 04047164 092175532 00820858 1.00384031
04 037843796 03487235 072716148 02865048 1.01366627
0.6 029298172 0.2868027 0.57978439 0.4345982 1.01438266
08 023799182 0.2419630 0.47995479 05352614 101521622
1 0.20055734 0.1893865 0.38994375 0.6065306 0.99647436
;=1 A= 0312um
0 073773030 0.2118047 0.94953523 0 09495352
02 0.62204550 03232367 094528369 00067380 09520216
04 051901118 0.3683299 088734110 00820850 09694261
0.6 043571001 0.3592421 0.79495200 0.1888736 09838277
08 037285681 0.3364988 0.70935550 02865048 09958604
1 032561385 0.2874323 0.61304610 03678794 1.0098093
']_'1 — 0O
0 0992526938 0 0992526938 0 0.992526938
02 0.995637976 0 0.995637976 0 0.995637976
0.4 0.995804808 0 0.995804808 0 0.9953804808
0.6 0.999927438 0 0999927438 0 0.999927438
08 1.000042373 0 1.000042373 0 1.000042373
1 1.000146482 0 1.000146482 0 1.000146482

From the table, it can be seen that in the long-wavelength part of the
spectrum, regardless of the angle of incidence, the proportions of diffusely
reflected and transmitted radiation in the total quantum yield are almost identical.
In the short-wavelength part of the spectrum, diffusely reflected radiation
predominates. This is explained by the fact that with increasing optical thickness
of the medium, the flux of transmitted diffuse and unscattered radiation decreases.
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For comparison, similar calculations were performed using the tabulated
values of the Y, @, x, ¢, €,1, 0, 8 functions from the work of Chandrasekhar and
Elbert (1954). The results of the calculations showed that when the medium is
illuminated normally and near this point (uy = 1), at all values of optical
thickness, the value of the total quantum yield exceeds the expected value,
reaching up to 9% in certain points (7able 2.). However, in our calculations,
deviations are observed in the region yu, = 1, which are lower than expected and
amount to up to 5%. The probable cause of the disappearance of part of the short-
wavelength radiation is the insufficiently accurate accounting for the number of
scatterings and the diffuse radiation exiting the medium at yy, — 1, in the iteration
method. In the geometry of medium illumination when py — 1, short-wavelength
radiation travels a long optical path in the medium and undergoes multiple
scatterings. It is likely that in the iterative method of solving equations, part of the
radiation is not taken into account, which may explain the observed deviation. In
the case of a semi-infinite medium (t; — o), the results of our calculations and
those using Chandrasekhar's functions coincide, and the law of conservation of
total flux is satisfied with high accuracy.

Table 2. Calculation results based on the values of the , @, x,&,&,1, 0,0 functions in
Chandrasekhar and Elbert (1954)

Ho Nref Nerans Nref T Nerans  €XP(—Ty1 /o) Ntotal
Tl == 0.2
0 0.61821120 03819794 1.00019055 0 1.00019055
0.20 0.32777708 03249154 0.65269643 0.3678794 1.02057587
0.44 0.18579127 0.1871951 0.37298640 0.6347364 1.00772282
0.68 0.12879399 0.1377657 0.26655965 0.7451888 1.01174847
0.92 0.09839073 0.1893681 0.28775880 0.8046151 1.09237385
1 0.09119335 0.1623395 0.25353290 0.8187308 1.07226365
0 0.765023981 0.2329303 099795427 0 0.9979543
0.20 0.648421603 03520141 1.00043574 0.0067379 1.0071737
0.44 0.524457435 03993407 092379817 0.1030308 1.0268290
0.68 0427572533 03808561 0.80837256 0.2297903 1.0381628
092 0.357323733 0.4007442 0.75806795 0.3372413 1.0953093
1 0.338355703 03627337 0.70108936 03678794 1.0689688

According to the data in Table 1, it can be concluded that if calculations are
carried out using Chandrasekhar's method, some difficulties can be expected in
the calculations for u, — 1, across the entire optical spectrum. Apparently, for
this reason, Coulson's monograph does not consider the case, where the angle of
incidence of the solar rays is normal to the surface of the medium and for values
of angles close to the normal. When performing calculations using our method,
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such discrepancies are observed only in the short-wavelength region of the
spectrum at puy — 0.

Coulson's monograph mentions that in the ultraviolet wavelength region,
some difficulties are observed in the calculations. He attributes these difficulties
to the data in Elterman's table.

The results in Table 1 allow us to evaluate the proportion of incident
radiation that is scattered, diffusely reflected back, or transmitted through the
medium. For example, at normal incidence, approximately 10% of the rays from
the green part of the spectrum (7; = 0.1, 4 = 0.546 um) are scattered, and 90%
pass through the medium without scattering. For violet rays (7 = 0.5,1 =
0.371 um), the proportion of scattered rays increases to approximately 40%.

It can be seen from the table that in the long-wavelength part of the spectrum,
regardless of the angle of incidence, the proportions of diffusely reflected and
transmitted radiation in the total quantum yield are almost identical. In the short-
wavelength part of the spectrum, diffusely reflected radiation predominates. This
is because, with increasing optical thickness of the medium, the flux of
transmitted diffuse and unscattered radiation decreases.

3. Calculation of the angular characteristics of the secondary radiation
intensity considering various orders of scattering

The incident unpolarized radiation has the following Stokes parameters:

F,=F =(1/2)F,F, =F, =0, (19)

and the degree of linear polarization of diffusely reflected and transmitted
radiation is determined by the formula:

P = — L)/ + L). (20)

Figs. 1 — 4 show the results of calculations of the angular characteristics of
the degree of linear polarization of diffusely reflected and transmitted radiation
from the medium. The incident, reflected, and transmitted radiation lie in the same
meridional plane, in the plane of the solar vertical.

Fig. I shows the results of the calculation of the angular distribution of the
degree of polarization of transmitted radiation for various illumination angles. For
comparison, calculations were made using Coulson's parameters (see Figure 4.6
in Coulson (1988)) at an optical thickness of 7; = 0.15 (1 = 0.495 pm).
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Y=@o—@=m Y=¢,—¢=0

Fig. 1. Angular distribution of the degree of polarization of diffusely transmitted radiation
at various illumination angles. Curves 1-8 are calculated for medium illumination angles
1o=0.1,0.2, 0.4, 0.6, 0.8, 0.92, 0.97, respectively, at 7; = 0.15 (4 = 0.495 pum), @, = 1.
The calculations are based on the Coulson’s parameter values (Figure 4.6 in Coulson
(1988)).

It can be observed that all angular distributions of the degree of
polarization, calculated at different illumination angles, coincide with Coulson's
results with high accuracy. However, in our calculations, when the polar
illumination angle is equal to the observation angle (i = yu = u ), an anomaly is
observed in the value of the degree of polarization. Near this point, the degree of
polarization changes abruptly. For a clearer representation of this phenomenon,
in curves 6 and 7, the regions around the point f, where the degree of polarization
behaves anomalously, are highlighted separately.

With a change in the angle of illumination, the width of the anomalous
region changes: it decreases when py — 0 and increases when py — 1.

For comparison, in Fig. 2, the results of similar calculations of the angular
distribution of the degree of polarization are presented for an optical thickness of
7, =1 (4 =0.312 um). From the figure, it is evident that with an increase in
optical thickness, the angular width of the anomalous region expands, and the
jump in the degree of polarization value around the point i = u = p, increases.
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Fig. 2. Angular distribution of the degree of polarization of diffusely transmitted radiation
at various illumination angles. Curves 1-5 are calculated for medium illumination angles
1o=0.1, 0.2,0.4,0.8, 1, respectively, at ;=1 (A =0.312 um), ®, = 1.

For the parameters T = 1 and py = 0.8, the angular width of the anomalous
region in the half-plane ) = m is 40 ~ 4°, and in the half-plane y = 0, 48 ~ 6°.
In the case of T = 0.15 and u, ~ 0.8, the angular widths are 40 ~ 1° and 46 ~
3°, respectively. The angular width of the anomalous region in the solar plane is
larger than in the anti-solar half-plane.

In the geometry of normal illumination and observation (4 = py = 1), the
degree of polarization is zero. The jump in the degree of polarization takes on a
symmetrical form. With a deviation of the observation angle from the normal, at
1 < 1, the degree of polarization first assumes a positive value, then it transitions
to the negative region through neutral points.

The anomaly in the degree of polarization is observed for all values of
optical thickness, as well as in the case of a non-conservative medium (&, < 1).
With a decrease in the albedo value, the anomalous polarization diminishes.

It should be noted that the aforementioned feature is observed for all
azimuthal angles of the hemisphere around the lower boundary of the atmosphere
at = U = l.

The presence of a singularity in the solutions of the transfer equation for
transmitted radiation at (i = u = pg is known (Natraj et.al., 2009; Kattawar et al.,
1976), but in these works, the jump in the degree of polarization around this point
is not discussed. Apparently, this feature was not established. If the indicated jump
in the degree of polarization is indeed observed, then during observations through
a polarimeter along the solar vertical, it is possible to detect a difference in the
degree of polarization of solar radiation at symmetric points near the sun. This
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feature was observed during double Mandelstam-Brillouin scattering of exciton
polaritons in crystals with cubic symmetry (Ivchenko and Sobirov, 1985).

In the angular distribution of the degree of polarization along the plane of
the solar vertical, at certain points, the degree of polarization changes sign, with
the degree of polarization equaling zero at these points. These neutral points
(Brewster, Babinet, and Arago) serve as indicators of the atmospheric state.
Besides these points, the presence of a fourth point, near the Arago point, was also
proposed. The presence of double Arago points was theoretically first shown in
the work of Dave and Furukawa (1966) when studying the scattering of ultraviolet
rays in the atmosphere. However, these calculations were performed outside the
framework of the X(u),Y (u)—function theory. This point was discovered in
observations only recently, in 2002, and the topic of neutral points constantly
remains in the focus of specialists (Horvath et al., 2002; Horvath et al., 2011).

Unlike the Brewster and Babinet points, the observation of double Arago
points requires higher orders of scattering. For this reason, these points are
observed only in the short-wave part of the optical spectrum. Our calculation
results show that the presence of double Arago points can be demonstrated within
the framework of the X(u), Y (1) — function theory in the range of illumination
angle values 0 < py < 0.2 and optical thickness 0.85 < 7; < 1.15. Fig. 3 shows
the formation of double Arago points in the angular distribution of the degree of
polarization of transmitted radiation, depending on the number of scatterings. It
should be noted that Coulson's works discuss only one Arago point.

Fig. 4 presents the results of calculations of diffusely reflected solar
radiation from atmospheric layers for the parameter values used in Fig. /. For all
values of illumination and observation angles, as well as optical thicknesses, in
the angular polarization characteristics of diffusely reflected radiation, a jump in
the degree of polarization is not observed, with only one Arago point being
present.

In conclusion, it should be noted that the developed method for calculating
the X (), Y (1) — functions significantly simplifies the calculation of the intensity
and degree of polarization of diffusely reflected and transmitted solar radiation
from atmospheric layers for all points of the hemisphere adjacent to the lower and
upper surfaces of the atmosphere.
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Fig. 3. Formation of double Arago points depending on the number of scatterings. Curves
14 correspond to the number of iterations n = 1, 2, 3, 4 (scattering order v=1, 3, 7,
15,respectively) for Ty = 0.9 and py = 0.125. The inset shows the formation of the region

with positive polarization depending on the multiplicity of scattering for tT; = 1 and py =
1 (curve 5 in Fig. 2).

Y=@o—¢p=m

Y=¢o—¢=0

Fig. 4. Angular distribution of the degree of polarization of diffusely reflected radiation at

different illumination angles. Curves 1-8 are calculated for the parameter values indicated
in Fig. 1.
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4. Conclusions

1. The solutions of the radiative transfer equation for polarized radiation in
a medium with finite optical thickness, obtained using the factorization method,
have been analyzed. Based on the obtained equations, the angular distribution of
the degree of polarization of diffusely reflected and transmitted radiation from
layers of the atmosphere of natural, unpolarized solar radiation along the solar
vertical was investigated.

2. It has been shown that in the case of forward scattering of incident
radiation, a feature is observed in the angular distribution of the degree of
polarization of diffusely transmitted radiation. At p=p 0, the degree of
polarization of the transmitted radiation changes abruptly within a narrow angular
width of observations.

3. The positions of neutral points in the angular characteristics of secondary
radiation have been studied. It has been shown that in certain regions of
illumination angle and optical thickness values in the angular distribution of the
degree of polarization of diffusely transmitted radiation, it is possible to
simultaneously observe two Arago points.

4. The results of numerical calculations show that the iteration method is
an effective method for determining the numerical values of the X(u), Y(w)
functions obtained by the factorization method. The calculation method is very
simple and does not require a long time for computer computations.
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