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Abstract— This study investigates the angular distribution of the degree of polarization of 
diffusely reflected and transmitted natural solar radiation in atmospheric layers subjected 
to multiple Rayleigh scattering. The analysis employs the Chandrasekhar's S,T- matrix 
theory and the factorization method. Specific characteristics related to the numerical 
computation of X and Y functions using the successive approximations method are detailed. 
The results reveal that when the observation angle equals the illumination angle (𝜇𝜇 = 𝜇𝜇0), 
a notable feature emerges in the angular distribution of the degree of polarization of 
diffusely transmitted light. At this juncture, a sharp change in the degree of polarization is 
observed. Additionally, the study examines the dependence of the angular width of this 
discontinuity on the illumination angle and optical thickness. 
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1. Introduction 

Chandrasekhar's theory of 𝑋𝑋(𝜇𝜇),𝑌𝑌(𝜇𝜇) functions (Chandrasekhar, 1960) is widely 
recognized as a key approach to investigate the transmission of polarized radiation 
in turbid, light-scattering media with limited optical thicknesses. It is extensively 
utilized in addressing diverse practical issues in the field of atmospheric physics. 
Extensive research has been conducted on the analytical properties of the 𝑋𝑋(𝜇𝜇) 
and 𝑌𝑌(𝜇𝜇) functions, as well as on the numerical methods used to solve them. 
Nevertheless, the subject of 𝑋𝑋(𝜇𝜇),𝑌𝑌(𝜇𝜇) functions remains pertinent and continues 
to captivate the interest of experts. The research of Natraj et al. (2009) and Natraj 
and Hovenier (2012) have demonstrated that the often utilized tables by 
Chandrasekhar and Coulson (Chandrasekhar and Elbert, 1954; Coulson, 1988; 
Coulson et al., 1960), which are applied for solving practical problems in 
atmospheric physics, exhibit low accuracy and do not sufficiently characterize 
polarization phenomena. The authors performed novel numerical computations 
with enhanced precision. However, research focused on the examination of 
polarization phenomena in atmospheric layers and the use of polarization methods 
for remote sensing of the Earth's surface still relies on the works of Chandrasekhar 
and Coulson. These works serve as reference points for evaluating the outcomes 
of both theoretical and practical investigations (Yan et. al., 2019; Yan et. al., 2020; 
Mishchenko, 1987; Mishchenko et. al., 2006).  

A technique for solving the radiative transfer equation for polarized light in 
media with limited optical thickness using the factorization method was proposed 
in Sobirov and Rozikov (2020). This method aims to refine the theoretical 
framework and improve the precision of numerical calculations. The findings 
demonstrate that the factorization method significantly simplifies both the 
analytical and numerical computations involved in solving the radiative transfer 
equation for polarized radiation. Initially developed by Lenoble (1970), this 
approach was further elaborated upon in Ivchenko et. al. (1980), Ivchenko et. al. 
(1981), Sobirov and Yuldashev (1984), and Pikus et. al. (1985), and it was 
effectively applied to axisymmetric problems in crystals, particularly within the 
semi-infinite medium model. The present study investigates the angular 
distribution of the degree of polarization of diffusely reflected and transmitted 
natural solar radiation through atmospheric layers, considering multiple Rayleigh 
scattering. The analysis is grounded in the theoretical framework outlined in 
Sobirov and Rozikov (2020). 

2. Equation for the reflection and transmission matrix 

The radiative transfer equation (Chandrasekhar, 1960) describes the radiation 
field in a plane-parallel medium that scatters and absorbs light, without any 
internal sources, when it is lit by plane, monochromatic polarized radiation. The 
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equation can be written as follows:  
 

𝜇𝜇 𝑑𝑑𝐈𝐈(𝜏𝜏,𝛀𝛀)
d𝜏𝜏

= 𝐈𝐈(𝜏𝜏,𝛀𝛀) − 𝜔𝜔�0
4𝜋𝜋 ∫ 𝑑𝑑𝜇𝜇′1

0 ∫ 𝑑𝑑𝜑𝜑′2𝜋𝜋
0 𝐏𝐏(𝛀𝛀,𝛀𝛀′)𝐈𝐈(𝜏𝜏,𝛀𝛀′) −

−𝜔𝜔�0
4

exp �− 𝜏𝜏
𝜇𝜇0
� 𝐏𝐏(𝛀𝛀,𝛀𝛀𝟎𝟎)𝐅𝐅, (1) 

 
where 𝜏𝜏 represents the optical thickness of the medium, 𝜔𝜔�0 is the single scattering 
albedo (quantum yield of single scattering) calculated as 𝑎𝑎sc

𝛼𝛼ext+𝑎𝑎sc
, 𝛼𝛼  is the 

attenuation coefficient (per unit volume) given by 𝛼𝛼 = 𝛼𝛼abs + 𝑎𝑎sc, 𝛼𝛼abs denotes 
the true absorption coefficient, 𝑎𝑎sc represents the scattering coefficient, 𝑧𝑧 is the 
axis directed normally from the surface of the medium, 𝜋𝜋𝑭𝑭 is the total flux of the 
incident parallel radiation per unit area (at the boundary 𝜏𝜏 = 0), and 𝑷𝑷(𝛀𝛀,𝛀𝛀𝟎𝟎) is 
the Rayleigh phase matrix.  

The intensity of radiation propagating in a medium, in the direction 𝛺𝛺 =
𝛺𝛺(𝜃𝜃,𝜑𝜑) (where 𝜃𝜃 is the polar angle determined by the direction of the vectors 𝒏𝒏𝟎𝟎 
and 𝛺𝛺, 𝒏𝒏𝟎𝟎 is the normal to the surface of the medium, and 𝜑𝜑 is the azimuthal 
angle), is described by the Stokes matrix (in the Chandrasekhar basis 
(Chandrasekhar, 1960)): 

 

𝐈𝐈 = �

𝐼𝐼𝑙𝑙
𝐼𝐼𝑟𝑟
𝑈𝑈
𝑉𝑉

� , 𝐼𝐼𝑙𝑙 = 𝑑𝑑𝑙𝑙𝑙𝑙 , 𝐼𝐼𝑟𝑟 = 𝑑𝑑𝑙𝑙𝑙𝑙 , U = 2Red𝑙𝑙𝑙𝑙 ,𝑉𝑉 = 2Im𝑑𝑑𝑙𝑙𝑙𝑙 ,   (2) 

 
where 𝐼𝐼𝑙𝑙 and 𝐼𝐼𝑟𝑟 are the intensities in the 𝑙𝑙 and 𝑟𝑟 polarizations, the unit orthogonal 
vector 𝐥𝐥 lies in the plane of the vectors 𝒏𝒏𝟎𝟎 and 𝜴𝜴, and 𝒓𝒓 is perpendicular to it, 
𝑑𝑑𝑖𝑖𝑖𝑖 ≈ �𝐸𝐸𝑖𝑖 ,𝐸𝐸𝑗𝑗∗�. Here, 𝑖𝑖, 𝑗𝑗 = 𝑙𝑙, 𝑟𝑟,𝐸𝐸𝑙𝑙, and 𝐸𝐸𝑟𝑟 are the corresponding components of 
the electric field of the light wave. 

When the atmosphere is illuminated by natural, unpolarized solar radiation 
with a broad spectrum in the optical range, the optical thickness of the atmosphere 
varies depending on the wavelength of the light. In the radiative transfer equation 
(Eq.(1)), the optical thickness of the atmosphere 𝜏𝜏 is determined by the integral: 

 
𝜏𝜏(𝜆𝜆, 𝑧𝑧) = ∫ 𝛼𝛼(𝜆𝜆, 𝑧𝑧)𝑑𝑑𝑑𝑑∞

0 ,      (3) 
 
where the integration is performed from sea level (𝑧𝑧 = 0) to the upper layers of 
the atmosphere, taking into account the change in air concentration with height. 
In the calculations presented below, the values of the optical thickness of the 
atmosphere are taken from Coulson (1988) according to the tables of Elterman 
(Elterman, 1968; Pikus et. al., 1985). We present the values of optical thickness 
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for several wavelengths: τ = 0.01 (λ = 0.920 μm), τ = 0.1 (λ = 0.546 μm), τ = 0.15 
(λ = 0.495 μm), τ = 0.5 (λ = 0.371 μm), and τ = 1 (λ = 0.312 μm) at 𝜔𝜔�0 =1. 

In the theory of S,T-matrices, the relationship between the intensities of 
diffusely reflected and transmitted radiation with the incident radiation is 
determined by the reflection and scattering matrices: 

 
𝐼𝐼ref(𝜏𝜏 = 0,Ω) = �𝜔𝜔�0

4𝜇𝜇
� 𝑆𝑆(𝜏𝜏1,Ω,Ω0)𝐹𝐹�𝜏𝜏 = 0,Ω0�.       (4) 

 
𝐼𝐼trans�𝜏𝜏 = 𝜏𝜏1,Ω� = �𝜔𝜔�0

4𝜇𝜇
� 𝑇𝑇(𝜏𝜏1,Ω,Ω0)𝐹𝐹�𝜏𝜏 = 0,Ω0�.    (5) 

  
Using the principle of Ambartsumian's invariance and taking into account the 
boundary conditions from the radiative transfer equation (Eq.(1)), the general 
integral equations for the S and T matrices can be derived (Chandrasekhar, 1960): 
 
 

𝑺𝑺(𝜏𝜏1,Ω,Ω0) = 𝑸𝑸��3
4
� 𝑺𝑺(0)(𝜏𝜏1,𝜇𝜇,𝜇𝜇0)  +

+�(1 − 𝜇𝜇2)(1 − 𝜇𝜇02)𝑺𝑺(1)(𝜏𝜏1,Ω,Ω0)𝑷𝑷(1)(𝜇𝜇,𝜙𝜙,−𝜇𝜇0,𝜙𝜙0) +

 𝑆𝑆(2)(𝜏𝜏1,𝜇𝜇, 𝜇𝜇0)𝑷𝑷(2)(𝜇𝜇,𝜙𝜙,−𝜇𝜇0,𝜙𝜙0)�.  (6) 
 
𝑻𝑻(𝜏𝜏1,Ω,Ω0) = 𝑸𝑸��3

4
�𝑻𝑻(0)(𝜏𝜏1,𝜇𝜇, 𝜇𝜇0) +

+ �(1 − 𝜇𝜇2)(1 − 𝜇𝜇02)𝑻𝑻(1)(𝜏𝜏1,Ω,Ω0)𝑷𝑷(1)(𝜇𝜇,𝜙𝜙,−𝜇𝜇0,𝜙𝜙0) +

+𝑇𝑇(2)(𝜏𝜏1,𝜇𝜇, 𝜇𝜇0)𝑷𝑷(2)(𝜇𝜇,𝜙𝜙,−𝜇𝜇0,𝜙𝜙0)�.  (7) 
 

In Eqs.(1)–(7), the problem is presented in general form. In Eq.(1), all four 
components of the Stokes matrix are simultaneously determined, taking into 
account both linearly polarized and circularly polarized radiation. For brevity, we 
will discuss the solution of the problem concerning only the 𝐼𝐼𝑙𝑙 and 𝐼𝐼𝑟𝑟 components 
of the Stokes matrix, as we are considering the case where the medium is 
illuminated by unpolarized radiation. 

To solve this problem, it is sufficient to consider the 2x2 block matrices in 
the 𝑺𝑺 and 𝑻𝑻 matrices in Eqs. (6) and (7). For brevity, we will not go into detail 
describing each term in Eqs. (6) and (7) (see Sobirov and Rozikov, 2020). 

In the factorization method, the values of the 𝑺𝑺(0) and 𝑻𝑻(0) matrices in Eqs. 
(6) and (7) are determined by solving the system of equations for the 𝑿𝑿(0) and 
𝒀𝒀(0) matrices, which are 2x2 matrices with eight components: 
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 𝑿𝑿(0)(𝜇𝜇) = 𝟏𝟏 + 𝜇𝜇𝜔𝜔�0 ∫

1
0

𝑑𝑑𝜇𝜇′Ψ(𝜇𝜇′)
𝜇𝜇+𝜇𝜇′

�𝑿𝑿(0)(𝜇𝜇)𝑿𝑿(0)+(𝜇𝜇′) − 𝒀𝒀(0)(𝜇𝜇)𝒀𝒀(0)+(𝜇𝜇′)�.   (8) 

 

𝒀𝒀(0)(𝜇𝜇) = 𝟏𝟏exp �− 𝜏𝜏1
𝜇𝜇
� + 𝜇𝜇𝜔𝜔�0 ∫

1
0

𝑑𝑑𝜇𝜇′Ψ(𝜇𝜇′)
𝜇𝜇−𝜇𝜇′

�𝒀𝒀(0)(𝜇𝜇)𝑿𝑿(0)+(𝜇𝜇′) −

− 𝑿𝑿(0)(𝜇𝜇)𝒀𝒀(0)+(𝜇𝜇′)�.   (9) 
 

Here, the identity matrix has a dimension of 2x2. The 𝑺𝑺(1), 𝑻𝑻(1), 𝑺𝑺(2), and 𝑻𝑻(2) 
matrices are determined through scalar functions 𝑆𝑆(1), 𝑇𝑇(1), 𝑆𝑆(2), and 𝑇𝑇(2), which, 
in turn, are determined by scalar integral equations for the 𝑋𝑋(𝜇𝜇)  and 𝑌𝑌(𝜇𝜇) 
functions, similarly to Eqs. (8) and (9), but using different characteristic functions. 

According to Chandrasekhar's calculation method, the values of the 𝑺𝑺(0) and 
𝑻𝑻(0) matrices are determined using four 𝑋𝑋(𝜇𝜇) and 𝑌𝑌(𝜇𝜇) functions. However, this 
requires additional and complex calculations. 

 

2.1.  Iterative convergence of X and Y functions in a conservative medium when 
𝜔𝜔�0= 1 

Below are the results of numerical calculations of the 𝑋𝑋(𝜇𝜇) and 𝑌𝑌(𝜇𝜇) functions 
obtained using the method of successive approximations or iterations. In the 
iteration method for solving Eqs. (3) and (4), the solution can be represented as a 
series in powers of 𝜔𝜔�0 (Lenoble, 1970 and Pikus et. al., 1985): 
 

𝑰𝑰ref(𝜏𝜏1 = 0,Ω) = ∑ �𝜔𝜔�0
𝑛𝑛

4𝜇𝜇
𝑺𝑺(𝑛𝑛)�𝜏𝜏1,Ω,Ω0�𝑭𝑭�,   (10) 

 

𝑰𝑰trans(𝜏𝜏1,Ω) = ∑ �𝜔𝜔�0
𝑛𝑛

4𝜇𝜇
𝑻𝑻(𝑛𝑛)(𝜏𝜏1,Ω,Ω0)𝑭𝑭�,   (11) 

 
where 𝑛𝑛  is the order or multiplicity of scattering (Mishchenko et.al., 2006; 
Sobirov and Rozikov, 2020; Lenoble, 1970; Ivchenko et.al., 1980, 1981). The 
𝑺𝑺(𝑛𝑛)(𝜏𝜏1,Ω,Ω0)  and 𝑻𝑻(𝑛𝑛)(𝜏𝜏1,Ω,Ω0)  are determined by solving the 𝑺𝑺  and 𝑻𝑻 
matrices, expressed through integral equations for the 𝑋𝑋(𝜇𝜇) and 𝑌𝑌(𝜇𝜇) functions 
using the method of successive approximations. If trial functions such as 𝑿𝑿(𝜇𝜇) =
1 and 𝒀𝒀(𝜇𝜇) = 𝟏𝟏exp(−𝜏𝜏1/𝜇𝜇) are used, then after the first iteration, the intensity 
and polarization of singly scattered radiation are determined. After the first 
iteration, the scattering order does not correspond to the number of iterations. In 
the second approximation, the values of 𝑋𝑋(𝜇𝜇)  and 𝑌𝑌(𝜇𝜇) include contributions 
from singly, doubly, and partially triply scattered radiation, and so on. 

Analytically, in Eq.(10), components up to the fourth order of scattering can 
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be distinguished, after which it becomes more complex. However, this is 
sufficient for the initial analysis of the physical picture of the formation of the 
intensity and polarization of secondary radiation. It is possible to establish a 
relationship between the number of iterations and the maximum order of 
scattering corresponding to this number of iterations. If 𝑛𝑛�  is the number of 
iterations and 𝑛𝑛  is the maximum order of scattering, then 𝑛𝑛� = 1,𝑛𝑛 = 1;𝑛𝑛� =
2,𝑛𝑛 = 3;𝑛𝑛� = 3,𝑛𝑛 = 7;𝑛𝑛� = 4,𝑛𝑛 = 15;𝑛𝑛� = 5,𝑛𝑛 = 31;𝑛𝑛� = 6,𝑛𝑛 = 63, etc. 

The solutions to the system of nonlinear integral equations for the 𝑋𝑋(𝜇𝜇) and 
𝑌𝑌(𝜇𝜇) functions were conducted at 201 points of 𝜇𝜇 values in the interval [0,1] 
through numerical calculations. Additionally, to compare our results with 
Chandrasekhar's tables, calculations were performed at fifty-one points. 

To ensure the correctness of the numerical calculations, two conditions must 
be met (Chandrasekhar, 1960): 

 
𝑋𝑋(𝜇𝜇) → 𝐻𝐻(𝜇𝜇),𝑌𝑌(𝜇𝜇) → 0 as 𝜏𝜏 → ∞.     (12) 

 
𝑋𝑋(𝜇𝜇) → 1,𝑌𝑌(𝜇𝜇) → 1exp(−𝜏𝜏1/𝜇𝜇) as 𝜏𝜏 → 0.   (13) 

 
Indeterminacies of the type 0/0 arising in Eq.(9) when 𝜇𝜇 − 𝜇𝜇′ = 0 are eliminated 
using Lopital's rule. 

Numerical calculations showed that in the region 𝜔𝜔�0 < 0.7, after a certain 
number of iterations, the values of all 𝑋𝑋 and 𝑌𝑌 functions reach saturation and have 
good convergence at 𝜏𝜏1 ≤ 1 (Sobirov et al., 2021; Sobirov et al., 2023; Sobirov et 
al., 2024). In the region 0.7 < 𝜔𝜔�0 ≤ 1, convergence slows down, but depending 
on the optical thickness, the values of the X and Y functions approach the tabulated 
values of Chandrasekhar in Chandrasekhar and Elbert (1954). For example, at 
𝜏𝜏1 = 0.15 after the fifth iteration, and at 𝜏𝜏1 = 1, after the fourth iteration. At small 
values of optical thickness, when 𝜏𝜏1 < 0.5, the difference in some points is a 
maximum of 1%, and at 𝜏𝜏1 = 1, it points up to 4%.  

If in the case of 𝜏𝜏1 = 1 the number of iterations is increased to 𝑛𝑛� = 5, then 
near the point 𝜇𝜇 = 1, in a narrow region Δ𝜇𝜇, the component 𝑌𝑌21(𝜇𝜇) takes negative 
values, which contradicts the conditions specified in Eq.(13). This means that at 
values of 𝜇𝜇 within Δ𝜇𝜇, the component 𝑌𝑌21(𝜇𝜇) has no solution. Considering that all 
𝑋𝑋11,𝑋𝑋12,𝑋𝑋21,𝑋𝑋22,𝑌𝑌11,𝑌𝑌12,𝑌𝑌21,𝑌𝑌22 functions form a single system of equations, all 
members of this system within Δ𝜇𝜇 also have no solution. It can be said that with 
the number of iterations 𝑛𝑛� = 4 , the values of all 
𝑋𝑋11,𝑋𝑋12,𝑋𝑋21,𝑋𝑋22,𝑌𝑌11,𝑌𝑌12,𝑌𝑌21,𝑌𝑌22  functions within Δ𝜇𝜇  reach saturation. In the 
subsequent iteration step (at 𝑛𝑛� = 5 ), the values of these functions remain 
unchanged. However, in the region 1 − Δ𝜇𝜇 , the values of the 
𝑋𝑋11,𝑋𝑋12,𝑋𝑋21,𝑋𝑋22,𝑌𝑌11,𝑌𝑌12,𝑌𝑌21,𝑌𝑌22 functions increase. Increasing the number of 
iterations leads to the expansion of the Δ𝜇𝜇 region, and after two or three more 
iterations, Δ𝜇𝜇 covers the entire region 0 ≤ 𝜇𝜇 ≤ 1. The values of the 𝑋𝑋(𝜇𝜇) and 
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𝑌𝑌(𝜇𝜇) functions are determined by the iteration method according to the described 
scheme. A change in the sign of the 𝑌𝑌21(𝜇𝜇) component to negative indicates the 
achievement of the maximum number of iterations that determine the numerical 
values of the 𝑋𝑋(𝜇𝜇)  and 𝑌𝑌(𝜇𝜇)  functions. The 𝑋𝑋(1)(𝜇𝜇),𝑌𝑌(1)(𝜇𝜇),𝑋𝑋(2)(𝜇𝜇),𝑌𝑌(2)(𝜇𝜇) 
functions show good convergence during iterations, regardless of the 𝜏𝜏1 value. 
After a certain number of iterations, they reach saturation and with an error of up 
to 1% coincide with the tabulated values in Chandrasekhar and Elbert (1954).  

For comparison, Chandrasekhar's 𝜓𝜓,𝜙𝜙,𝜒𝜒, 𝜉𝜉, 𝜀𝜀, 𝜂𝜂,𝜎𝜎,𝜃𝜃  functions were 
converted into 𝑋𝑋11,𝑋𝑋12,𝑋𝑋21,𝑋𝑋22,𝑌𝑌11,𝑌𝑌12,𝑌𝑌21,𝑌𝑌22  functions, and the following 
relationships exist between them: 

 

𝑋𝑋11 = 𝜒𝜒,𝑋𝑋12 = √2𝜉𝜉,𝑋𝑋21 = 𝜓𝜓−𝜇𝜇2𝜒𝜒
√2(1−𝜇𝜇2) ,𝑋𝑋22 = 𝜙𝜙−𝜇𝜇2𝜉𝜉

1−𝜇𝜇2
.      (14) 

 

𝑌𝑌11 = 𝜎𝜎,𝑌𝑌12 = √2𝜃𝜃,𝑌𝑌21 = 𝜀𝜀−𝜇𝜇2𝜎𝜎
√2(1−𝜇𝜇2) ,𝑌𝑌22 = 𝜂𝜂−𝜇𝜇2𝜃𝜃

1−𝜇𝜇2
.      (15) 

 

2.2. Accuracy verification of the problem solution. Total quantum yield of 
radiation 

In the studies of Ivchenko et.al. (1980, 1981) and Sobirov and Yuldashev (1984), 
the law of conservation of the total radiation flux, incident and diffusely reflected 
from a semi-infinite medium, was used to verify the accuracy of analytical and 
numerical calculations. 

If a monochromatic, plane-parallel radiation flux 𝜋𝜋𝐹𝐹 falls on the surface of 
the medium (at the boundary 𝜏𝜏 = 0), then after multiple scattering, part of the 
radiation is diffusely reflected from the plane 𝜏𝜏 = 0, and part of the flux diffusely 
exits the medium through the plane 𝜏𝜏 = 1. The total fluxes of diffusely reflected 
and transmitted radiation from the medium (per unit surface area) are determined 
by the formulas: 

 

𝜋𝜋Ф𝑟𝑟𝑟𝑟𝑟𝑟 = ∫ 𝜇𝜇𝜇𝜇𝜇𝜇 ∫ 𝑑𝑑𝑑𝑑𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟(𝜏𝜏 = 0, 𝜇𝜇,𝜑𝜑)2𝜋𝜋
0

1
0 ,  

𝜋𝜋Ф𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = ∫ 𝜇𝜇𝜇𝜇𝜇𝜇 ∫ 𝑑𝑑𝑑𝑑𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(𝜏𝜏 = 𝜏𝜏1,−𝜇𝜇,𝜑𝜑)2𝜋𝜋
0

1
0 ,    (16) 

 
where 𝐼𝐼(𝑟𝑟𝑟𝑟𝑟𝑟)(𝜏𝜏 = 0, 𝜇𝜇,𝜑𝜑)  and  𝐼𝐼(𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)(𝜏𝜏 = 𝜏𝜏1,−𝜇𝜇,𝜑𝜑)  are the intensities of 
diffusely reflected and transmitted radiation at the boundary of the medium, 
determined by Eq.(10). 
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Solving the radiative transfer equation (Eq.(1)) allows determining only the 

diffusely scattered part of the incident flux in the medium that has undergone 
single or multiple scattering. However, part of the incident flux passes through 
the medium without scattering, which is not considered in Eq.(1). The unscattered 
part of the primary radiation, without changing the direction of incidence, is 
attenuated by exp(−𝜏𝜏1/𝜇𝜇0)𝜋𝜋𝜋𝜋 and exits the medium (Chandrasekhar, 1960). We 
define the ratios of these three fluxes to the incident flux and sum them: 

 

𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 = Φref

𝜇𝜇0𝐹𝐹(+0,𝜇𝜇0,𝜑𝜑0), 𝜂𝜂
𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = Φtrans

𝜇𝜇0𝐹𝐹(+0,𝜇𝜇0,𝜑𝜑0).   (17) 

𝜂𝜂𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 + 𝜂𝜂𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + exp �− 𝜏𝜏1
𝜇𝜇0
�.     (18) 

 
This formula defines the distribution of the primary flux for diffusely reflected, 
diffusely transmitted, and unscattered fluxes. In analogy to 𝜔𝜔�0, which represents 
the quantum yield from single scattering, the quantity 𝜂𝜂total, is called the total 
quantum yield of radiation in (Ivchenko et.al., 1980). Below, we will adhere to 
this definition for 𝜂𝜂. 

In the case of a conservative medium (𝜔𝜔�0 = 1 ), the total flux is conserved, 
so in Eq.(18) the condition 𝜂𝜂total = 1 must be satisfied. This condition holds 
regardless of the optical thickness of the medium, the angle of incidence of the 
incident flux, and serves as a criterion for assessing the accuracy of analytical and 
numerical calculations. On the other hand, the relationship described in Eq.(18) 
allows establishing the law of redistribution of the outgoing secondary flux from 
the medium depending on the optical thickness of the medium (from the 
wavelength of the incident radiation). 

Table 1 presents the results of numerical calculation of the total quantum 
yield at various values of the illumination angle of atmospheric layers with 
natural, unpolarized solar radiation. 

According to the data in Table 1, one can assess what proportion of the 
incident radiation is scattered, and what part is diffusely reflected back or passes 
through the medium. For example, at normal incidence, on average about 10% of 
the rays from the green part of the spectrum (𝜏𝜏1 = 0.1, 𝜆𝜆 = 0.546 μm ) are 
scattered, and 90% pass through the medium without scattering. For violet rays 
( 𝜏𝜏1 = 0.5, 𝜆𝜆 = 0.37 μm ), the proportion of scattered rays increases to 
approximately 40%. 
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Table 1. Results of calculating the total quantum yield of diffusely reflected, transmitted, 
and unscattered radiation at various illumination angles and optical thicknesses, 𝜔𝜔�0 = 1 

 
 

 
From the table, it can be seen that in the long-wavelength part of the 

spectrum, regardless of the angle of incidence, the proportions of diffusely 
reflected and transmitted radiation in the total quantum yield are almost identical. 
In the short-wavelength part of the spectrum, diffusely reflected radiation 
predominates. This is explained by the fact that with increasing optical thickness 
of the medium, the flux of transmitted diffuse and unscattered radiation decreases. 
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For comparison, similar calculations were performed using the tabulated 
values of the 𝜓𝜓,𝜑𝜑,𝜒𝜒, 𝜉𝜉, 𝜀𝜀, 𝜂𝜂,𝜎𝜎,𝜃𝜃 functions from the work of Chandrasekhar and 
Elbert (1954). The results of the calculations showed that when the medium is 
illuminated normally and near this point (𝜇𝜇0 → 1 ), at all values of optical 
thickness, the value of the total quantum yield exceeds the expected value, 
reaching up to 9% in certain points (Table 2.). However, in our calculations, 
deviations are observed in the region 𝜇𝜇0 → 1, which are lower than expected and 
amount to up to 5%. The probable cause of the disappearance of part of the short-
wavelength radiation is the insufficiently accurate accounting for the number of 
scatterings and the diffuse radiation exiting the medium at 𝜇𝜇0 → 1, in the iteration 
method. In the geometry of medium illumination when 𝜇𝜇0 → 1, short-wavelength 
radiation travels a long optical path in the medium and undergoes multiple 
scatterings. It is likely that in the iterative method of solving equations, part of the 
radiation is not taken into account, which may explain the observed deviation. In 
the case of a semi-infinite medium (𝜏𝜏1 → ∞), the results of our calculations and 
those using Chandrasekhar's functions coincide, and the law of conservation of 
total flux is satisfied with high accuracy. 

 
 
Table 2. Calculation results based on the values of the 𝜓𝜓,𝜑𝜑,𝜒𝜒, 𝜉𝜉, 𝜀𝜀, 𝜂𝜂,𝜎𝜎,𝜃𝜃  functions in 
Chandrasekhar and Elbert (1954) 

 
 

According to the data in Table 1, it can be concluded that if calculations are 
carried out using Chandrasekhar's method, some difficulties can be expected in 
the calculations for 𝜇𝜇0 → 1, across the entire optical spectrum. Apparently, for 
this reason, Coulson's monograph does not consider the case, where the angle of 
incidence of the solar rays is normal to the surface of the medium and for values 
of angles close to the normal. When performing calculations using our method, 
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such discrepancies are observed only in the short-wavelength region of the 
spectrum at 𝜇𝜇0 → 0. 

Coulson's monograph mentions that in the ultraviolet wavelength region, 
some difficulties are observed in the calculations. He attributes these difficulties 
to the data in Elterman's table. 

The results in Table 1 allow us to evaluate the proportion of incident 
radiation that is scattered, diffusely reflected back, or transmitted through the 
medium. For example, at normal incidence, approximately 10% of the rays from 
the green part of the spectrum (𝜏𝜏1 = 0.1, 𝜆𝜆 = 0.546 μm) are scattered, and 90% 
pass through the medium without scattering. For violet rays ( 𝜏𝜏1 = 0.5, 𝜆𝜆 =
0.371 𝜇𝜇𝑚𝑚), the proportion of scattered rays increases to approximately 40%. 

It can be seen from the table that in the long-wavelength part of the spectrum, 
regardless of the angle of incidence, the proportions of diffusely reflected and 
transmitted radiation in the total quantum yield are almost identical. In the short-
wavelength part of the spectrum, diffusely reflected radiation predominates. This 
is because, with increasing optical thickness of the medium, the flux of 
transmitted diffuse and unscattered radiation decreases. 

3. Calculation of the angular characteristics of the secondary radiation 
intensity considering various orders of scattering 

The incident unpolarized radiation has the following Stokes parameters: 
 

𝐹𝐹𝑙𝑙 = 𝐹𝐹𝑟𝑟 = (1/2)𝐹𝐹,𝐹𝐹𝑈𝑈 = 𝐹𝐹𝑉𝑉 = 0,    (19) 
 

and the degree of linear polarization of diffusely reflected and transmitted 
radiation is determined by the formula: 
 

𝑃𝑃𝑙𝑙𝑙𝑙𝑙𝑙 = (𝐼𝐼𝑙𝑙 − 𝐼𝐼𝑟𝑟)/(𝐼𝐼𝑙𝑙 + 𝐼𝐼𝑟𝑟).     (20) 
 
Figs. 1 – 4 show the results of calculations of the angular characteristics of 

the degree of linear polarization of diffusely reflected and transmitted radiation 
from the medium. The incident, reflected, and transmitted radiation lie in the same 
meridional plane, in the plane of the solar vertical. 

Fig. 1 shows the results of the calculation of the angular distribution of the 
degree of polarization of transmitted radiation for various illumination angles. For 
comparison, calculations were made using Coulson's parameters (see Figure 4.6 
in Coulson (1988)) at an optical thickness of 𝜏𝜏1 = 0.15  (𝜆𝜆 = 0.495 μm). 
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Fig. 1. Angular distribution of the degree of polarization of diffusely transmitted radiation 
at various illumination angles. Curves 1‒8 are calculated for medium illumination angles 
μ0 = 0.1, 0.2, 0.4, 0.6, 0.8, 0.92, 0.97, respectively, at τ1 = 0.15 (λ = 0.495 μm), 𝜔𝜔�0 = 1. 
The calculations are based on the Coulson’s parameter values (Figure 4.6 in Coulson 
(1988)). 
 
 

 
It can be observed that all angular distributions of the degree of 

polarization, calculated at different illumination angles, coincide with Coulson's 
results with high accuracy. However, in our calculations, when the polar 
illumination angle is equal to the observation angle (𝜇𝜇� = 𝜇𝜇 = 𝜇𝜇 0), an anomaly is 
observed in the value of the degree of polarization. Near this point, the degree of 
polarization changes abruptly. For a clearer representation of this phenomenon, 
in curves 6 and 7, the regions around the point 𝜇𝜇�, where the degree of polarization 
behaves anomalously, are highlighted separately. 

With a change in the angle of illumination, the width of the anomalous 
region changes: it decreases when 𝜇𝜇0 → 0 and increases when 𝜇𝜇0 → 1.  

For comparison, in Fig. 2, the results of similar calculations of the angular 
distribution of the degree of polarization are presented for an optical thickness of 
𝜏𝜏1 = 1 (𝜆𝜆 = 0.312 µm). From the figure, it is evident that with an increase in 
optical thickness, the angular width of the anomalous region expands, and the 
jump in the degree of polarization value around the point 𝜇𝜇̃ = 𝜇𝜇 = 𝜇𝜇0 increases. 
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Fig. 2. Angular distribution of the degree of polarization of diffusely transmitted radiation 
at various illumination angles. Curves 1‒5 are calculated for medium illumination angles 
μ0 = 0.1,  0.2, 0.4, 0.8, 1, respectively, at τ1 = 1 (λ = 0.312 μm), ω�0 = 1. 

 
 
For the parameters 𝜏𝜏 = 1 and 𝜇𝜇0 ≈ 0.8, the angular width of the anomalous 

region in the half-plane 𝜓𝜓 = 𝜋𝜋 is 𝛥𝛥𝜃𝜃� ≈ 4°, and in the half-plane 𝜓𝜓 = 0, 𝛥𝛥𝜃𝜃� ≈ 6°. 
In the case of 𝜏𝜏 = 0.15 and 𝜇𝜇0 ≈ 0.8, the angular widths are 𝛥𝛥𝜃𝜃� ≈ 1° and 𝛥𝛥𝜃𝜃� ≈
3°, respectively. The angular width of the anomalous region in the solar plane is 
larger than in the anti-solar half-plane. 

In the geometry of normal illumination and observation (𝜇𝜇 = 𝜇𝜇0 = 1), the 
degree of polarization is zero. The jump in the degree of polarization takes on a 
symmetrical form. With a deviation of the observation angle from the normal, at 
𝜇𝜇 < 1, the degree of polarization first assumes a positive value, then it transitions 
to the negative region through neutral points. 

The anomaly in the degree of polarization is observed for all values of 
optical thickness, as well as in the case of a non-conservative medium (𝜔𝜔�0 < 1). 
With a decrease in the albedo value, the anomalous polarization diminishes. 

It should be noted that the aforementioned feature is observed for all 
azimuthal angles of the hemisphere around the lower boundary of the atmosphere 
at 𝜇𝜇̃ = 𝜇𝜇 = 𝜇𝜇0.  

The presence of a singularity in the solutions of the transfer equation for 
transmitted radiation at 𝜇𝜇̃ = 𝜇𝜇 = 𝜇𝜇0 is known (Natraj et.al., 2009; Kattawar et al., 
1976), but in these works, the jump in the degree of polarization around this point 
is not discussed. Apparently, this feature was not established. If the indicated jump 
in the degree of polarization is indeed observed, then during observations through 
a polarimeter along the solar vertical, it is possible to detect a difference in the 
degree of polarization of solar radiation at symmetric points near the sun. This 
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feature was observed during double Mandelstam-Brillouin scattering of exciton 
polaritons in crystals with cubic symmetry (Ivchenko and Sobirov, 1985). 

In the angular distribution of the degree of polarization along the plane of 
the solar vertical, at certain points, the degree of polarization changes sign, with 
the degree of polarization equaling zero at these points. These neutral points 
(Brewster, Babinet, and Arago) serve as indicators of the atmospheric state. 
Besides these points, the presence of a fourth point, near the Arago point, was also 
proposed. The presence of double Arago points was theoretically first shown in 
the work of Dave and Furukawa (1966) when studying the scattering of ultraviolet 
rays in the atmosphere. However, these calculations were performed outside the 
framework of the 𝑋𝑋(𝜇𝜇),𝑌𝑌(𝜇𝜇) –function theory. This point was discovered in 
observations only recently, in 2002, and the topic of neutral points constantly 
remains in the focus of specialists (Horvath et al., 2002; Horvath et al., 2011). 

Unlike the Brewster and Babinet points, the observation of double Arago 
points requires higher orders of scattering. For this reason, these points are 
observed only in the short-wave part of the optical spectrum. Our calculation 
results show that the presence of double Arago points can be demonstrated within 
the framework of the 𝑋𝑋(𝜇𝜇),𝑌𝑌(𝜇𝜇) – function theory in the range of illumination 
angle values 0 < 𝜇𝜇0 ≤ 0.2 and optical thickness 0.85 < 𝜏𝜏1 < 1.15. Fig. 3 shows 
the formation of double Arago points in the angular distribution of the degree of 
polarization of transmitted radiation, depending on the number of scatterings. It 
should be noted that Coulson's works discuss only one Arago point. 

Fig. 4 presents the results of calculations of diffusely reflected solar 
radiation from atmospheric layers for the parameter values used in Fig. 1. For all 
values of illumination and observation angles, as well as optical thicknesses, in 
the angular polarization characteristics of diffusely reflected radiation, a jump in 
the degree of polarization is not observed, with only one Arago point being 
present. 

In conclusion, it should be noted that the developed method for calculating 
the 𝑋𝑋(𝜇𝜇),𝑌𝑌(𝜇𝜇) – functions significantly simplifies the calculation of the intensity 
and degree of polarization of diffusely reflected and transmitted solar radiation 
from atmospheric layers for all points of the hemisphere adjacent to the lower and 
upper surfaces of the atmosphere. 
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Fig. 3. Formation of double Arago points depending on the number of scatterings. Curves 
1‒4 correspond to the number of iterations n = 1, 2, 3, 4 (scattering order ν = 1, 3, 7, 
15,respectively) for τ1 = 0.9 and μ0 = 0.125. The inset shows the formation of the region 
with positive polarization depending on the multiplicity of scattering for τ1 = 1 and μ0 =
1 (curve 5 in Fig. 2). 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4. Angular distribution of the degree of polarization of diffusely reflected radiation at 
different illumination angles. Curves 1‒8 are calculated for the parameter values indicated 
in Fig. 1. 
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4. Conclusions 

1. The solutions of the radiative transfer equation for polarized radiation in 
a medium with finite optical thickness, obtained using the factorization method, 
have been analyzed. Based on the obtained equations, the angular distribution of 
the degree of polarization of diffusely reflected and transmitted radiation from 
layers of the atmosphere of natural, unpolarized solar radiation along the solar 
vertical was investigated. 

2. It has been shown that in the case of forward scattering of incident 
radiation, a feature is observed in the angular distribution of the degree of 
polarization of diffusely transmitted radiation. At μ=μ_0, the degree of 
polarization of the transmitted radiation changes abruptly within a narrow angular 
width of observations. 

3. The positions of neutral points in the angular characteristics of secondary 
radiation have been studied. It has been shown that in certain regions of 
illumination angle and optical thickness values in the angular distribution of the 
degree of polarization of diffusely transmitted radiation, it is possible to 
simultaneously observe two Arago points. 

4. The results of numerical calculations show that the iteration method is 
an effective method for determining the numerical values of the X(μ), Y(μ) 
functions obtained by the factorization method. The calculation method is very 
simple and does not require a long time for computer computations. 
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